Abstract-The steady-state regulation error in power converters that use the conventional hysteresis-modulation-based sliding mode controller can be suppressed through the incorporation of an additional integral term of the state variables into the controller. However, it is found that with the indirect type of sliding mode controller (derived based on the equivalent control approach), the same approach of integral sliding mode control is ineffective in alleviating the converter's steady-state error. Moreover, the error increases as the converter's switching frequency decreases. This paper presents an in-depth study of the phenomenon and offers a solution to the problem. Specifically, it is proposed that an additional double-integral term of the controlled variables to be adopted for constructing the sliding surface of indirect sliding mode controllers. Simulation and experimental results are provided for verification.
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I. INTRODUCTION
T HE sliding mode (SM) controller is a kind of nonlinear controller which was introduced for controlling variable structure systems (VSS) [1] . Its major advantages are guaranteed stability and robustness against parameter, line, and load uncertainties [1] . Moreover, being a controller that has a high degree of flexibility in its design choices, the SM controller is relatively easy to implement as compared to other types of nonlinear controllers. Such properties make it highly suitable for control applications in nonlinear systems, including power electronics [2] - [6] . It has been repeatedly demonstrated that the SM controller is a viable solution for enhancing the control performance of power converters [7] - [34] .
However, the actual practical adoption of SM controllers in power converters is often limited by two major concerns: the non-constant operating frequency of the SM controller, and the presence of steady-state error in the regulation. To address the first concern, various possible methods of fixating the switching frequency of SM controllers have been proposed. These include the use of adaptive strategies [12] , [30] , the incorporation of constant timing functions or circuitries [7] , [9] , [26] , and the indirect implementation of the SM controllers [14] , [29] , [34] . As for the second concern, it has been widely known that the steady-state errors of SM controlled systems can be effectively suppressed through the use of an additional integral term of the state variables in the SM controller [9] , [14] , [19] , [21] , [23] , [25] . This method is known as integral SM control. When incorporated, the consequence is an SM controlled system 1) with motion equation of the same order as the original system; and 2) with better robustness and regulation property than the traditional SM controlled system [1] . Interestingly, in a recent attempt to implement a type of fixed-frequency indirect SM controllers, which is based on pulsewidth-modulation (PWM), for the dc-dc converters [29] , [32] , [34] , it is noted that the adoption of the integral sliding mode (ISM) control scheme in these controllers can reduce, but not fully alleviate the steady-state error of the converters. Our investigation shows that this is due to the imperfect steady-state error correction method of the PWM-based ISM controllers. The problem is common to all types of indirect ISM controllers derived from the equivalent control method [14] , [17] , [20] , [29] , [32] , [34] . It is also found that the steady-state error increases as the converter's switching frequency decreases and that the error can be quite large at a low switching frequency.
Since increasing the order of the controller of a system generally improves the steady-state accuracy [35] , we explore the possibility of alleviating the steady-state regulation error of the indirect ISM controlled converters by increasing the order of the indirect ISM controllers using an additional integral term. Hence, the objective of this paper is to present an in-depth study of the phenomenon, and to report the effectiveness of the proposed solution-the use of double-integral state variables for constructing the sliding surface of indirect SM controllers for power converters, in suppressing the steady-state error. Various aspects of the proposed solution including its design and implementation are discussed in term of the fixed-frequency PWMbased (indirect) SM controller. Simulation and experimental results are provided to validate the solution. Note that although the discussion in this paper is carried out in the context of power converters, it covers an important theoretical dimension that is applicable for general controlled systems.
II. PROBLEM IDENTIFICATION

A. Review of Hysteresis-Modulation-Based SM Controllers
Conventional direct SM controllers based on hysteresis-modulation (HM) are implemented through the real-time computation of the state variables to generate a suitable profile of the state variable's trajectory, which is then enforced to track a desired sliding surface to the equilibrium state [1] . Since SM control can achieve order reduction, it is typically sufficient to have an SM controller of 1th order for achieving stable control of an th order converter. For instance, a common form of the SM controller for an th order converter adopts a switching function (1) where is a parameter controlling the switching frequency of the system, and is the instantaneous state variable's trajectory of reduced order, which is expressed as
where for to 1 denotes the sets of the control parameters, i.e., sliding coefficients. Under the configuration 0, it is typically assumed in the SM control theory that the controller/converter system operates ideally at an infinite switching frequency with no steady-state error.
However, this is not true in practice. Practical non-ideality limits the switching frequency to be a finite quantity. Yet, if finite-frequency or fixed-frequency SM controllers are to be employed, the robustness and regulation properties of the converter system under the order-reduced SM controller will be deteriorated. Steady-state errors are therefore present. This can be observed from Fig. 1 , which illustrates the regulation property 1 of a 12 V buck converter using the HM-based SM controller, the HM-based ISM controller, and the PWM-based (indirect) ISM controller, at various switching frequencies. The plot also reflects the kind of behavior expected in a converter with the HM-based SM controller, that is, the steady-state error increases as the switching frequency reduces.
A good method of suppressing these errors is to introduce an additional integral term of the state variables to the SM controller, which transforms it into an ISM controller. Since the ISM controller is of the same order as the converter, it is also known as a full-order SM controller [1] . Such an ISM controller can be obtained by modifying (2) into (3) 1 The presented results are obtained from computer simulation to avoid discrepancy arising from the variation of the experimental setups. They basically reflect the same characteristics as the actual experimental data of previous works.
where the additional state variable [as compared to (2) ] is basically the integral term of all other existing state variables. Notably, it is the component which directly nullifies the steady-state errors of the respective state variables, i.e., . The effect of such property can be seen in Fig. 1 . It can be shown that with the HM-based ISM controller, the output voltage of the converter is maintained closely at 12 V with a negligible steady-state error at all switching frequencies.
However, when it comes to the indirect implementation of the ISM controller, the effectiveness of the integral control in alleviating the steady-state error deteriorates. The plot of the PWM-based ISM controller in Fig. 1 clearly demonstrates such an outcome. The following section discusses why the ISM controller succeeds in alleviating the steady-state error in the direct (HM) form, but fails in the indirect (PWM) form.
B. Review of Indirect SM Controllers
First, for implementation of any SM controller in the indirect form, the original control law must be translated [29] , [34] . This is based on an approach known as the equivalent control method, which assumes the invariance conditions that during SM operation, 0 and 0. From such an assumption, an equivalent control signal can be derived in terms of the respective state variables. Hence, the state variable's trajectory is indirectly formulated to track the desired sliding surface through the construction of the control signal . This makes it an indirect approach of ensuring SM operation as compared to the HM approach, which directly formulates to track the sliding surface. Note that similar to the direct SM control approach, the indirect approach must include the hitting condition which ensures the state trajectory being driven towards the sliding surface and the existence condition which ensures that the state trajectory is kept within the vicinity of the surface. Only with such constraints will the equivalent control signal derived from the original control law ensures SM operation.
To derive the equivalent control, the time differentiation of (3) is first derived, i.e., (4) Equating and solving for give the general form (5) where 0 1 is a function of the state variables and for . In practice, in the case of PWM-based (indirect) SM controller implementation, the control signal is constructed through a pulsewidth modulator using a constant frequency ramp signal and a feedback control signal , where . Hence, both and are functions of the state variables and . It is important to pinpoint that the indirect construction of using the indirect approach (such as PWM) uses state variables of one time derivative order lower than the original HM-based ISM controller (see (3)). This explains why the steady-state error correction succeeds in HM-based ISM controller but fails in the indirect ISM controller, and why the problem is particularly severe when the switching frequency is low.
C. Analytical Explanation for the Presence of Steady-State Error in Indirect ISM Controlled Converter
First, in the case of the direct (HM-based) ISM controller, the sliding surface constructed comprises the integral elements of the steady-state errors, i.e., for . Recall that is a component that directly accumulates the existing steady-state errors. Hence, when the state variable's trajectory is directed to track the sliding surface to a point of equilibrium, the steady-state errors are automatically alleviated. With this process of closed-loop steady-state-error-correction feedback, the switching frequency will have little influence on the magnitude of the steady-state errors present in the HM-based ISM controlled converter.
However, for the indirect ISM controller, the variables are not explicitly reflected in the control signal [see (5)]. Instead, these integral functions are embedded in the sliding surface, of which the required error corrections are indirectly computed using the state variables and . Since there is no direct integral signal that corrects the errors of the state variables, the capability of the correction is then dependent on the accuracy of the indirect integral computation. However, such computations are open-loop processes which contain finite steady-state errors that cannot be eliminated. Hence, with steady-state errors present in the computation, steady-state errors will be present in the controlled variables. Naturally, this problem will be further aggravated if the switching frequency reduces. It is, therefore, an inefficient method of steady-state error correction and is an obvious drawback of the indirect SM controllers. This explains why the integral control scheme of the indirect ISM controller is ineffective in alleviating the steady-state errors 2 , especially in the low frequency range.
III. PROPOSED SOLUTION
It is well known that the increased order of the controller improves the steady-state accuracy of the system, but aggravates the stability problem [35] . An additional double-integral term of the state variables, i.e., for , is therefore introduced to correct the error of the indirect integral computation in the indirect ISM controllers. By adding an integral closed-loop to alleviate the steady-state error of the indirect integral computation, the steady-state errors of the controlled state variables are indirectly alleviated. This is the so-called double-integral (indirect) sliding mode (DISM) controller proposed in this paper. Notably, the solution is simple and straightforward. But its use in practical design is never reported and requires investigation and validation.
In its general direct HM form, the proposed DISM controller takes the switching function (1) where (6) Clearly, this controller is of one order higher than the original converter system 3 . Its time differentiation (7) is likewise an order higher than the ISM (full-order) controller (4) . By solving 0, it is not difficult to see that the equivalent control is a function of the state variables , and . Here, the additional term (as compared to ISM controller) is resulted from the double-integral term introduced by the DISM controller. It is interesting to see that by directly correcting the steady-state errors , the original objective of introducing this component to correct the error of the indirect integral computation so that the steady-state errors of the controlled variables are alleviated is inherently met. The proposed DISM configuration easily resolves the problem of steady-state errors in indirect ISM controlled converters.
IV. APPLICATION OF DOUBLE-INTEGRAL SLIDING SURFACE TO PWM-BASED TYPES OF INDIRECT SM CONTROLLERS
This section discusses the application of the proposed solution, i.e., DISM configuration, to the PWM-based SM controllers for the voltage controlled buck converter [29] and the current controlled boost converter [32] .
A. Double-Integral SM Controllers
The proposed DISM controller examples for buck converters and boost converters use the switching function and the sliding surface (8) where represents the logic state of power switch , and , and represent the desired sliding coefficients. Also, in both examples, and denote the capacitance, inductance, and instantaneous load resistance respectively;
, and denote the reference, instantaneous input, and instantaneous output voltages respectively; denotes the feedback network ratio;
, and denote the instantaneous reference, instantaneous inductor, instantaneous capacitor, and instantaneous output currents respectively; and is the inverse logic of . (12) where (13) and is the amplified gain of the voltage error. Substituting the boost converter's behavioral models under CCM into the time differentiation of (12) gives the dynamical model of the proposed system as (14) Using the same approach, the equivalent control signal of the proposed DISM current controller for the boost converter is derived as (15) where is continuous and bounded between 0 and 1.
B. Architecture of Proposed DISM Controllers in PWM Form
For implementation of indirect SM controller in PWM form, a set of equation comprising a control signal and a ramp signal with peak magnitude must be derived using the indirect SM control technique [29] .
Case 1-Buck Converter: In PWM form, the proposed DISM voltage controller for the buck converter inherits the expression (16) , shown at the bottom of the page, where and (17) are the fixed gain parameters in the proposed controller. The method of deriving the control law (16) from originally the equivalent control expression (11) follows the procedure detailed in [29] . Fig. 2 shows a schematic diagram of the derived PWM-based DISM voltage controller for the buck converters.
(16) are the fixed gain parameters in the proposed controller. A factor of 0 1 has been introduced to scale down the equation to conform to the chip level voltage standard. Assuming , the analog implementation of the derived PWM-based DISM current controller for the boost converters is illustrated in Fig. 3 .
Remark: The only physical difference between the PWMbased DISM controllers and the PWM-based ISM controllers [29] , [32] , are the additional integral state variable's terms, i.e., and . Note that in analog implementation, the proportional (P) and integral (I) components can be easily grouped into a single proportional-integral (PI) type computation. Hence, the complexity of the implementation is similar between the PWM-based ISM controllers and the PWM-based DISM controllers.
C. Existence Condition
It is necessary to derive the existence condition 4 , which determines the ranges of employable gain parameters before the design can be proceeded. To ensure the existence of SM operation, the local reachability condition 0 must be satisfied. This can be expressed as (20) Case 1-Buck Converter: For the DISM voltage controlled buck converter, the existence condition for steady-state operations (equilibrium point) [8] , [18] , [34] , can be derived by substituting (8) eration of the system's dynamics (10) as (21) , shown at the bottom of the page, where denotes the minimum input voltage; denotes the expected steady-state output, i.e., approximately the desired reference voltage ; and are, respectively, the maximum and minimum capacitor currents at full-load condition; and are respectively the maximum and minimum steady-state voltage errors, which in this case are basically the inverse functions of the output voltage ripples; and and are respectively the maximum and minimum integrals of the steady-state voltage error, which is the time integral of the inverse functions of the output voltage ripples with a negligible dc shift. All these parameters can be calculated from the design specification of the converter. Alternatively, computer simulation of the converter under an ideal open-loop control which gives negligible output voltage steady-state error can be performed to obtained this value. An example of this is given in Fig. 4 , which shows the waveforms and magnitudes of the various state variables under minimum input voltage and full-load operating condition. Thus, the compliance of the inequalities in (21) through the substitution of the state variables' parameters assures the existence of the SM operation to occur at least in the small region of the origin for all input and output operating conditions. Case 2-Boost Converter: For the DISM current controlled boost converter, the existence condition for steady-state operations can be derived by substituting (8) and its time derivative into (20) with the consideration of the system's dynamics (14) as (22), shown at the bottom of the page, where and denote the maximum and minimum input voltages respectively; denotes the expected steady-state output, i.e., approximately the desired reference voltage ; and , and are respectively the maximum and minimum inductor and capacitor currents at full-load condition; and are respectively the maximum and minimum steady-state current errors; and are respectively the maximum and minimum (21) (22) steady-state voltage errors, which in this case are basically the inverse functions of the output voltage ripples; and and are respectively the maximum and minimum integrals of the combination of steady-state voltage and current errors. Fig. 5 illustrates the physical representations of these parameters. Likewise, design of control parameters must satisfy the inequalities in (22) .
Remark: It is worth mentioning that the abidance of the existence condition which takes into consideration the amount of ac perturbation of the state variables, which is a function of time, indirectly counterchecks the minimum allowable switching frequency for a particular control parameter design, i.e., controller bandwidth. This is similar to the conventional controller design approach in which, as a rule of thumb, the crossover frequency of the controller must be kept at least below one quarter of the switching frequency in the case of a buck converter.
D. Stability Condition
As in any SM controlled systems, the stability 5 of the converter under the DISM controller can be achieved by making the eigenvalues of the Jacobian matrix of the system to have negative real parts. 
to first obtain the motion equation. Since the state variables are in phase canonical form, (23) can be rewritten in Laplace form as (24) Finally, applying the Routh's stability criterion to this third order linear polynomial, the conditions for stability are that all the coefficients must be positive, i.e.,
, and that to ensure that all roots have negative real parts. On the other hand, the stability condition can be automatically satisfied by designing the sliding coefficients for a desired dynamic response [29] , [34] .
Case 2-Boost Converter: For the DISM current controlled boost converter, the motion equation is nonlinear. A different approach based on the equivalent control method is adopted to 5 Satisfaction of the stability condition ensures that the state trajectory of the system under SM operation will always reach a stable equilibrium point.
derive the stability condition [18] , [28] . This is to first derive the ideal sliding dynamics of the system, and then doing an stability analysis on its equilibrium point.
1) Ideal Sliding Dynamics:
The replacement of by (so-called equivalent control method) into the original boost converter's description under CCM operation converts the discontinuous system into an ideal SM continuous system: (25) Then, the substitution of the equivalent control signal into (25) gives (26), shown at the bottom of the page, which represents the ideal sliding dynamics of the SM current controlled boost converter.
2) Equilibrium Point: Assume that there exists a stable equilibrium point on the sliding surface on which the ideal sliding dynamics eventually settled. At this point of equilibrium (steady state), there will not be any change in the system's dynamics if there is no input or loading disturbance, i.e., 0. Then, the state equations in (26) can be equated to give (27) where , and represents the inductor current, output voltage, input voltage, and load resistance at steady-state equilibrium, respectively.
3) Linearization of Ideal Sliding Dynamics: Next, the linearization of the ideal sliding dynamics around the equilibrium point transforms (26) into (28) where you have (29) , shown at the bottom of the next page. The derivation is performed with the adoption of the following static equilibrium conditions, 0, and , and the assumptions and . Therefore, the characteristic equation of the linearized system is given by (30) (26) where (31) The application of the Routh criterium to the characteristic (30) shows that the system will be stable if the following conditions are satisfied (32) Hence, by numerically solving (29) and substituting its solutions into (32) , the stability of the system can be determined. This, along with the existence condition (22) , form the basis for the selection and design of the control gains of the proposed DISM controllers in terms of the converter's specification. The compliance of the stability condition assures that there exists an equilibrium point on the sliding surface, and the compliance of the existence condition assures that the state trajectory tracks the surface to this point of equilibrium.
V. RESULTS AND DISCUSSIONS
The idea of using the DISM controllers on the power converters is tested on various topologies. In this section, computer simulation results of the PWM-based DISM buck converter and experimental results of the PWM-based DISM boost converter are provided for validation and discussion.
A. Simulation Result of PWM-Based DISM Buck Converter
The performance of the proposed PWM-based DISM voltage controlled buck converter shown in Fig. 2 is verified and compared to the PWM-based ISM voltage controlled buck converter [29] through computer simulations 6 . The specification of the converter is given in Table I .
Here, the PWM-based ISM controller is designed to give a critically-damped response with a bandwidth of 2.5 kHz. Using equations derived in [29] , the sliding coefficients are 4 31415.93 and 4 246740110. The reference voltage is set as 2.5 V, which gives 0.208. Designing for the maximum load resistance, the control parameters are determined as voltage error is near zero for all cases of . The choice of is therefore based on the required damping response.
Hereon, the simulations of the DISM controller are performed with the parameter 2000, which is chosen for its critically damned response. Fig. 7 (a) and (b) show the plots of the steady-state output voltage against the switching frequency of the buck converter under the PWM-based ISM and DISM controllers for respectively the maximum and minimum load resistances. As expected, the result shows that the addition of the double-integral term of the state variables does nullify the steady-state error of the converter for all switching frequencies. Fig. 8(a) shows the typical output voltage waveform expected in a low-switching-frequency ISM voltage controlled buck converter. The output voltage is poorly regulated with a high steady-state error, i.e., 10.4 V at minimum load resistance and 10.7 V at maximum load resistance. As mentioned, in practice, it is possible to raise the reference setpoint to obtain the desired output voltage. This is demonstrated in Fig. 8(b) , where is raised from the original value of 2.5 V to 2.78 V. Here, it can be seen that at maximum load resistance, the output voltage is regulated at 12 V. However, at minimum load resistance, the output voltage is only 11.7 V. This verifies what has been earlier discussed, that is, this method of reference-voltage-shifting correction does not alleviate the steady-state error of the converter. Finally, it is illustrated in Fig. 8(b) that by converting the ISM controller into a DISM controller and with a proper choice of parameter , it is possible to derive a PWM-based (indirect) type of SM controller that achieves near perfect regulation even at a low switching frequency, and that has similarly good dynamical features as the ISM controller.
B. Experimental Result of PWM-Based DISM Boost Converter
The performance of the proposed PWM-based DISM current controlled boost converter shown in Fig. 3 is experimentally verified and compared to the PWM-based ISM current controlled boost converter [32] . The specification of the converter is given in Table II .
Here, the PWM-based ISM controller is optimally tuned using the approach proposed in [32] to give the fastest critically-damped response. The reference voltage is fixed at V, which makes 0.167. The implemented control signal equation is (35) Next, the PWM-based DISM controller is also tuned to give the fastest critically-damped response. Here, the integral term of the original (18) is ignored to simplify circuit implementation. This is possible under the knowledge that the inductor current error is negligible because of the high current-error gain value of 7 . The final form of the control signal equation adopted in the experiment is (36)
A comparison between (35) and (36) shows that with the additional integral term of , the gain value of has been lowered to 1.58 in the DISM controller. The reduction in the proportional gain is to tackle the instability due to the introduction of the integral pole term. Fig. 9 shows the output voltage waveforms of the PWMbased DISM voltage controlled boost converter for various gains of the integral term, i.e., 720, 1220, and 1930. Notably, the steady-state dc voltage error is alleviated for all three cases. Also, the variations in the dynamic behavior due to the respective value can be observed from the figure. Hereon, the experiments of the DISM controller are performed with the parameter 1220, which is chosen for its critically damped response. Fig. 10(a) and (b) show the plots of the steady-state output voltage against the switching frequency of the boost converter 7 In the case where the gain value is small or that a large inductor current error is present, the integral term is required. under the PWM-based ISM and DISM controllers for respectively the minimum and maximum output currents. According to the experimental readings, the addition of the double-integral term of the state variables into the PWM ISM controller reduces the steady-state regulation error (between minimum and maximum output currents) from 1% to 0.05% for all values of switching frequency. Hence, the strength of the proposed solution in alleviating the steady-state error of PWM ISM controller is illustrated. Fig. 11(a) and (b) show the output voltage waveforms of the boost converter operating at 200 kHz and step load changes alternating between 0.5 A and 2 A, under the PWM-based ISM controller and the PWM-based DISM controller, respectively. As seen from the figures, both controllers displayed excellent large-signal property (a major feature of the SM control) of having a consistent response for both step up and down load changes. However, with the PWM-based ISM controller, the converter contains a significant level of steady-state error of around 400 mV [see Fig. 11(a) ]. Such error is not present with the PWM-based DISM controller [see Fig. 11(b) ]. Yet, it can be seen that with the PWM-based ISM controller, a faster dynamical response can be achieved. This is due to the higher value of the voltage-error control gain in the PWM-based ISM controller (gain value of 4.167) than the PWM-based DISM controller (gain value of 1.58) [refer to (35) and (36)]. Hence, it is important to remark that even though the steady-state error of the PWM-based ISM controller can be alleviated to achieve near perfect regulation by converting it into the DISM controller, it may come at the expense of a lower allowable proportional gain value, which gives a slower dynamical response. Otherwise, in systems which the same gain value can be employed for both the PWM-based ISM and DISM controllers, similarly good dynamical features can be obtained with both controllers as illustrated in the example with the buck converter. VI. CONCLUSION In this paper, the failure of the integral control scheme in the indirect form of ISM controllers in alleviating the steady-state regulation error of power converters has been examined. It is found that the problem of the method of steady-state error correction in these controllers lies in the use of an indirect method of computing the integral of the steady-state error. Notably, the magnitude of the regulation error increases as the switching frequency reduces, and it becomes prominent at the low frequency range. In view of this, it is proposed that a double-integral term of the controlled variables can be added for constructing the sliding surface of indirect SM controllers. The inclusion of this additional term is to correct the error of the indirect integral computation. By doing so, the regulation error of the converter is indirectly alleviated. Tests including computer simulation and experiment have been carried out on the PWM form of indirect SM controllers to verify the idea. It has been shown that the proposed DISM controller is capable of achieving a near perfect regulation even at a low switching frequency.
